The study of asymmetric structures and their applications in mathematics is interesting. One of the types of asymmetric structures on a metric space has been initiated by Kada et al. (1996) and is known as a w-distance. That lack of symmetry attracts many researchers in fixed point theory.
Introduction
Recently, in [1] , Kada et al. presented the definition of w-distances on metric spaces, generalizing many results in the literature such as the nonconvex minimization theorem of Takahashi [2] , the Ekeland -variational principle, and the Caristi fixed point theorem; see also [3, 4] . Following Definition 1, a w-distance is asymmetric. The correlation of symmetry/asymmetry is inherent in the study of fixed point theory. Despite the lack of symmetry, the following lemma is useful in the sequel.
Lemma 1 ([1]).
Let Ω be a w-distance on a metric space (K, l) and { n } be a sequence in K. (ii)
If Ω( n , b n ) ≤ θ n and Ω( n , b) ≤ ϑ n , where {θ n } and {ϑ n } are non-negative sequences tending both to 0, then {b n } is convergent to b.
If for any ε > 0 there is N ε so that m > n > N ε implies Ω( n , m ) < ε (or lim n,m→∞ Ω( n , m ) = 0), then { n } is a Cauchy sequence.
In the last years, there have been many results via w-distances (see [5] [6] [7] [8] ). Let Ψ be the family of non-negative functions ψ defined on [0, ∞) such that
ψ is nondecreasing;
Here, ψ j is the j th iterate of ψ.
Such a function ψ is known as a (c)-comparison function. In this case, ψ(0) = 0 and ψ(v) < v for any v > 0. The notion of α-admissibility was first introduced in [9] .
Definition 2 ([9]
). Let f : K → K be a self-mapping on a non-empty set K and α :
In [9] , the concept of (α, ψ)-contractions in the class of metric spaces was initiated. Variant (common) fixed point results dealing with this concept appeared (for example, see [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] ). In the same direction, Lakzian et al. [21] initiated the concept of (α, ψ, Ω)-contractive mappings in metric spaces with w-distances.
Definition 3 ([21]
). Given T : K → K on a metric space (K, l) endowed with a w-distance Ω. Such a T is said to be an (α, ψ, Ω)-contraction if there are α :
Now, let (K, l) be a metric space with a w-distance Ω. Consider
If
We generalize Definition 3 as follows.
Such an f is called a generalized (ψ,
Using the concept of generalized (α, ψ, M Ω )-contractions, we establish new fixed point theorems, generalizing some related ones, such as those of Samet et al. [9] , Karapinar and Samet [22] , Lakzian et al. [8, 21] , Banach [23] , and many others in the literature. We also present some examples. At the end, by applying our obtained results, we ensure the existence of a solution of a nonlinear Fredholm integral equation.
Main Results
The first main result is stated as follows. Theorem 1. Let f : X → X be a generalized (α, ψ, M Ω )-contraction on a complete metric space (X, d) endowed with a w-distance Ω. Assume that the following assertions hold:
there is ν 0 ∈ X so that α(ν 0 , f ν 0 ) ≥ 1 and Ω( f n (ν 0 ), f n (ν 0 )) = 0, for each natural number n; (iii) either f is continuous or inf{Ω(µ, ζ) + Ω(µ, f µ) : µ ∈ X} > 0 for every ζ ∈ X with ζ = f ζ.
Then there is u ∈ X such that f u = u.
The proof is completed. From now on, we assume that
Since f is α-admissible, one writes
By induction, we have
Step 1. We shall show that lim n→∞ Ω(ν n , ν n+1 ) = 0. Using (7) and Definition 4, we have
for all n ≥ 1. By condition (ii), Ω(ν n , ν n ) = 0 for each natural number n. Thus,
On the other hand, we have
Therefore,
which is a contradiction. Thus, M(ν n−1 , ν n ) = Ω(ν n−1 , ν n ) for all n ≥ 1. By induction, we obtain
From (Ψ 2 ), we get lim n→∞ ψ n (Ω(ν 0 , ν 1 )) = 0, and so
Step 2. We claim that lim n,m→∞
Applying (1) of Definition 1, (9), and (Ψ 2 ), we get for all m, n ∈ N with m > n,
Therefore, by Lemma 1, {ν n } is a Cauchy sequence in the complete metric space (X, d). Thus, there is u ∈ X so that ν n → u as n → ∞.
Step 3. Now we show that u is a fixed point of f .
Suppose that f is continuous. By
Step 2, we have
) is lower semi-continuous, so using Definition 1, we have
Putting ε = 1/k and N ε = n k , one writes
Assume that u = f u. Then
Using (6) and (12), we get inf{Ω(ν n , u) + Ω(ν n , ν n+1 ) : n ∈ N} = 0. It is a contradiction with respect to the last inequality, i.e., u = f u.
Otherwise, α(µ, τ) = 0, and so trivially,
2 ) = 0 for each n ∈ N. Thus, all the hypotheses of Theorem 1 are satisfied. Here, 0 and 1 2 are two fixed points of f . Note that α(
Example 2. Let X = R be endowed with the usual metric d. Take
.
If µ, τ ≥ 1, we have
Otherwise, α(µ, τ) = 0 and so
Therefore, the conditions of Theorem 1 are true. Here, 0 and 1 are fixed points.
In Examples 1 and 2, the fixed point in Theorem 1 is not unique. To ensure its uniqueness, we need some additional properties. The following theorem describes this fact. (ii) ψ is continuous, and for all two fixed points u and v with Ω(u, u) = 0, there is ζ ∈ X so that lim
Then the fixed point of f is unique.
Proof. Let u be a fixed point of f (obtained by Theorem 1), and let v be such that f v = v. We shall show that u = v either for case (i) or for case (ii).
which is a contradiction. Therefore,
Case (ii): u and v are two fixed points of f with Ω(u, u) = 0. Then there is ζ in X so that α(ζ, u) ≥ 1 and α(ζ, v) ≥ 1. The α-admissibility of f implies that
Since Ω(u, u) = 0 and lim
Using the continuity of ψ, lim
n→∞ Ω( f n ζ, v) = 0, and by Lemma 1, we get u = v. That is, the uniqueness of the fixed point in each of the cases (i) and (ii) is ensured.
Remark 1.
In Example 2, the elements 0 and 1 are fixed points of the considered mapping f . Note that
In addition, there is no ζ ∈ X such that α(ζ, 0) ≥ 1. Thus, no condition in Theorem 2 holds. That's why we do not have a uniqueness of fixed point in Example 2.
The following example shows that the presented results generalize and improve the previous ones of [21] .
In the first case, we have 0 < 2ζ ≤ µ, and so 0 ≤ 10ζ ≤ 5µ. Therefore, α( f µ, f ζ) = α(5µ, 5ζ) = 1. In the second case, we have ζ ≤ 0, and so f ζ = 0. Now, since f is non-negative, we have 0 = 2 f ζ ≤ f µ, and so α( f µ, f ζ) = 1. We deduce that f is α-admissible.
(
(iii) f is continuous. In addition, for each w ∈ R with f w = w, we have w = 0, and so inf{Ω(µ, w) µ, ζ) ). Otherwise, we have α(µ, ζ) = 0, and so the contraction (5) is valid. All conditions of Theorem 2 hold, and u = 0 is the only fixed point of f . Note that the contraction of the reference [21] is not valid for this example. Indeed, for all ζ, µ with 0 < 2ζ ≤ µ, we have α(µ, ζ) = 1, and so
The following examples illustrate Theorem 2.
Example 4. Let X = {0} ∪ { 1 2 n : n ≥ 1} be endowed with the standard metric d. We define on X,
Case 2:
Case 3: µ = 0 and τ ∈ { 1 2 n : n ≥ 1}. Here, α(µ, τ) = τ.
That is, f is α-admissible.
Furthermore, taking ν 0 = 0, we have α(ν 0 , f ν 0 ) = α(0, 0) = 1 and for any n ≥ 1,
Thus, we may apply Theorem 1. Here, µ = 0 is the unique fixed point for f .
Example 5. Let G be a locally compact group and X = L 1 (G).
Consider
By Example 3 of [1] , the function Ω is a w-distance. Denote C c (G) as the set of continuous functions on G. Define
g, h ∈ C c (G), 1 2 otherwise.
For an arbitrary x ∈ G, consider
where
and Ω( f n x 0, f n x 0) = Ω(0, 0) = 0 1 + 0 1 = 0. Moreover, f x is continuous. Therefore, all conditions of Theorems 1 and 2-(i) hold, and so g = 0 is the only fixed point.
Example 6. Let X = R and d be the usual metric. Consider
Case 2: µ or τ is in (−∞, 1). In this case, note that
Note that there is a unique fixed point σ of f in (1, 2) (by taking h(µ) = µ − 3 µ + 1, we have h(2) > 0 and h(1) < 0). Note that α(σ, σ) ≥ 1, and Ω(σ, σ) = 0. otherwise.
So f is an (α, ψ, M Ω )-contraction. Therefore, all conditions of Theorems 1 and 2-(i) are true. Here, µ = 25 49
is the unique fixed point of f . Putting α ≡ 1 in Theorem 1, we state Corollary 1. Let Ω be a w-distance on a complete metric space (X, d) such that Ω(µ, µ) = 0, for all µ ∈ X. Let f : X → X be a generalized (ψ, M Ω )-contraction. Suppose either inf{Ω(µ, ζ) + Ω(µ, f µ) : µ ∈ X} > 0 for every ζ ∈ X with ζ = f ζ, or f is continuous. Then there is a unique u ∈ X so that f u = u.
By taking ψ(t) = kt, where k ∈ [0, 1) in Corollary 1, the following is a generalization of theĆirić result via w-distances (see [24] ).
Corollary 2.
Let Ω be a w-distance on a complete metric space (X, d) such that Ω(ς, ς) = 0, for all ς ∈ X. Let f : X → X be so that
for all µ, τ ∈ X, where k ∈ [0, 1). Suppose either inf{d(µ, ζ) + d(µ, f µ) : µ ∈ X} > 0 for every ζ ∈ X with ζ = f ζ, or f is continuous. Then f has a unique fixed point.
We state the following technical lemma on metric spaces.
Lemma 2. Let (X, d) be a complete metric space and f : X → X be a generalized (ψ, M)-contractive mapping. Suppose that ψ is continuous.
Proof. Suppose that there exists ζ ∈ X with ζ = f ζ so that inf{d(µ, ζ)
Thus, lim 
Letting n → ∞ and using the continuity of ψ, we deduce that 0
, which is a contradiction. Therefore, f ζ = ζ.
Taking Ω = d and α ≡ 1 in Theorem 1, and from Lemma 2, we obtain the following. Taking ψ(t) = kt, where k ∈ [0, 1) in Corollary 3, we obtain theĆirić result [24] . Corollary 4. Let (X, d) be a complete metric space, and let f : X → X be so that
for all µ, τ ∈ X, where k ∈ [0, 1). Then f has a unique fixed point.
Fixed Point in Partially Ordered Metric Spaces with w-Distances
Here, we will give some new fixed point results in ordered metric spaces equipped with w-distances. The triplet (X, d, ) is called an ordered metric space if
is a partial order on X.
If (X, ) is a partially ordered set, then µ, τ ∈ X are called comparable if µ τ or τ µ. In addition, the mapping T : X → X is non-decreasing if for µ, τ ∈ X, µ τ implies Tµ Tτ.
Corollary 5. Let (X, d, ) be a partially ordered complete metric space equipped with a w-distance Ω. Let f : X → X be a nondecreasing continuous mapping so that
where ψ ∈ Ψ; (ii) there is ν 0 ∈ X so that ν 0 f ν 0 and Ω( f n ν 0 , f n ν 0 ) = 0 for each n ≥ 1.
Then f has a fixed point.
Proof.
Define
From (i), we have
Therefore, all conditions of Theorem 1 hold, and so f has a fixed point.
Cyclical Results
In this paragraph, we give some fixed point results via the cyclic concept. Our obtained results generalize the corresponding ones in [25, 26] .
be non-empty closed subsets of a complete metric space (X, d) endowed with a w-distance
where ψ ∈ Ψ. Suppose there is ν 0 ∈ Y so that Ω( f n ν 0 , f n ν 0 ) = 0 for each n ≥ 1.
Then there is a fixed point u ∈ ∩ 2 i=1 A i of f .
Proof. Define
is a closed set with respect to the Euclidean metric, we get that (µ, µ) ∈ (A 1 × A 2 ) ∪ (A 2 × A 1 ) , which implies that µ ∈ ∩ 2 i=1 A i . We get immediately that α(ν n , µ) ≥ 1 for all n.
Finally, let µ, τ ∈ Y be two fixed points of f . From (a), we have µ, τ ∈ ∩ 2 i=1 A i . So for any z ∈ X, we have α(µ, z) ≥ 1 and α(τ, z) ≥ 1, that is, condition (ii) in Theorem 2 is satisfied. All conditions of Theorem 1 hold, and then f has a fixed point in ∩ 2 i=1 A i .
In the following, Corollary 6 is illustrated. Example 9. Let X = R be endowed with the usual metric. Define Ω(µ, τ) = |τ|. The subsets A 1 = {2k : k ∈ N} ∪ {0} and A 2 = {2k − 1 : k ∈ N} ∪ {0} are non-empty closed subsets of (X, Thus, all the hypotheses of Corollary 6 are satisfied. Here, 0 ∈ ∩ 2 i=1 A i is a fixed point of f .
Application
Here, we apply Theorem 1 to ensure the existence of a solution for the following nonlinear Fredholm integral equation (in short, NFIE): We endow on X the partial order:
Consider also on X the w-distance Ω : X × X → [0, ∞) given by 
|τ(t)|
for all µ, τ ∈ X. Note that µ is a solution of the given Equation (15) if it is a fixed point of T. We shall prove that T has a fixed point under the following assumptions:
(c1) There is ψ ∈ Ψ so that for all t ∈ [a, b] and u ≤ v ∈ R, | f (t, u)| + | f (t, v)| ≤ ψ(max{|u| + |v|, |Tu| + |u|, |Tv| + |v|, 1 2 (|Tv| + |u| + |Tu| + |v|)});
